Abstract This is the first in a series of papers giving a geometric and combinatorial variant of well-known constructions by Culler, Morgan and Shalen concerning the compactification of the character variety of a 3-manifold. The techniques involve normal surfaces, angle structures and hyperbolic geometry, and lend themselves to the study of surfaces and boundary curves associated to ideal points of the character variety.
Introduction
Let M be the interior of an orientable, compact 3-manifold with non-empty boundary consisting of a disjoint union of tori, and T be an ideal (topological) triangulation of M . Such a triangulation always exists and is not unique. Following an approach sketched by Thurston in 1981, normal surfaces are associated to degenerations of ideal hyperbolic triangulations of M which are parameterised by an affine algebraic set D(M ; T ) in [5] . This set is also related to the study of representations of π 1 (M ) into P SL 2 (C), leading to a geometric and combinatorial variant of well-known constructions by Culler, Morgan and Shalen concerning ideal points of varieties related to representations into SL 2 (C) and P SL 2 (C). This paper describes the normal surface theory necessary for this program, including both closed and non-compact embedded normal surfaces in (M ; T ). The main contribution is not the results proven (many of them are already known) but the development of normal surface theory from the induced triangulation of the boundary of M , which allows the extension of results by Weeks [7] , Kang [2] and Kang-Rubinstein [3] .
The projective solution space P (M ; T ) of normal surface theory is the intersection of a vector spaceP (M ; T ) with the unit simplex. A boundary map is used in [3] to determine the dimension ofP (M ; T ). An analogous linear map ν :P (M ; T ) → IR 2h is defined here, which in the case of an embedded normal surface measures the signed geometric intersection number of peripheral elements with it, and hence allows the computation of the "oriented boundary curves" of non-compact embedded normal surfaces. Such surfaces are sometimes called spun-normal.
A point in P (M ; T ) with rational coordinate ratios may correspond to the projective class of an embedded or immersed normal surface, which is often alluded to in topological proofs in normal surface theory. Moduli associated to the edges in the induced triangulation of the vertex linking surfaces and linear algebra are used to prove the following result, which also has implications on the set of boundary curves realised by immersed surfaces in M .
Theorem 1 (Kang-Rubinstein) Let M be the interior of an orientable, compact 3-manifold with non-empty boundary consisting of a disjoint union of tori, and T be an ideal triangulation of M . The projective solution space P (M ; T ) is a convex rational polytope of real dimension 2n+h−1, where n is the number of tetrahedra in T and h is the number of cusps. The map ν :P (M ; T ) → IR 2h is onto, and its restriction to integer lattice points inP (M ; T ) has image of finite index in Z Z
2h .
The set of projective classes of embedded normal surfaces has a natural compactification N (M ; T ), points of which correspond to projective classes of transversely measured singular codimension-one foliations of (M ; T ). The restriction ν : N (M ; T ) → IR 2h determines the foliation of the cusps of M and, together with (generalised) intersection numbers, can be used to analyse the structure of the components of N (M ; T ). This leads to the following:
Theorem 2 Let M be the interior of an orientable, compact 3-manifold with non-empty boundary consisting of a disjoint union of tori, and T be an ideal triangulation of M . The set N (M ; T ) is a finite union of convex rational polytopes. Each maximal polytope P in this union satisfies:
where h is the number of cusps of M , n is the number of ideal tetrahedra in T and dim IR ∅ = −1.
Other results concerning normal surfaces can be found in [5] , where questions such as whether the surface is incompressible and whether the group action on its dual tree is non-trivial are addressed through the use of angle structures and hyperbolic geometry.
Normal surface theory
This section describes normal surface theory for cusped 3-manifolds with ideal triangulations. Throughout this section, M denotes the interior of a compact 3-manifold with non-empty (arbitrary) boundary. A different approach in the case where all boundary components are tori can be found in [2] .
Normal surfaces
A 3-simplex with its vertices removed is called an ideal tetrahedron, and we refer to the removed vertices as ideal vertices. Similarly for its subsimplices. We will often omit the adjective "ideal". An ideal triangulation T of M is a decomposition of M into the union of ideal tetrahedra identified along faces, where we do not allow the identification of a face of a 3-simplex to itself. An embedded surface S in M is said to be normal (with respect to T ) if it intersects each 3-simplex σ of T in a (possibly empty) disjoint union of discs, each of which is bounded by a quadrilateral (Q-disc) or a triangle (T -disc) of the type shown in Figure 1 . These discs are called elementary discs.
Lemma 3 Every embedded normal surface in (M ; T ) is a properly embedded 2-dimensional PL submanifold of M .

Lemma 4 Every embedded normal surface in (M ; T ) which consists of Tdiscs only is a disjoint union of vertex linking surfaces.
An isotopy of M is called normal (with respect to T ), if it leaves all simplices of T invariant. If ∆ is a (possibly ideal) triangle, there are three normal arc types in ∆. An arc is called v -type if it separates the vertex v from the other two vertices of ∆.
The ideal vertices of T are called the ends of M . Removing a small open neighbourhood of each end results in a compact submanifold M c of M , which we call a compact core of M . We refer to its boundary also as the boundary of M , and may assume that it is normal in (M ; T ), so that M c inherits a cell decomposition into truncated tetrahedra. Each boundary component B i of M c inherits an induced triangulation T i . A path in (B i ; T i ) is called normal if it intersects each triangle in T i in a (possibly empty) disjoint union of normal arcs.
Let S be an embedded normal surface in (M ; T ). We may change S by normal isotopies such that it meets ∂M c transversely. Then S ∩ M c is a compact surface properly embedded in M c . The surface S inherits a cell structure from T . Since no component of M − M c can contain a Q-disc, it follows that there are only finitely many Q-discs in this cell structure. However, there may be infinitely many triangles. A normal surface composed of infinitely many elementary discs is sometimes called a spun normal surface.
Edge and quadrilateral labels
Let σ be an oriented ideal tetrahedron. We label the edges of σ with parameters z, z ′ , z ′′ , such that the labelling is as pictured in Figure 2 . Thus, opposite edges have the same parameter, and the ordering z, z ′ , z ′′ agrees with a right-handed screw orientation of σ . It follows that the labelling is uniquely determined once the parameter z is assigned to any edge of σ . The link L(a) of an ideal vertex a of σ is an elementary disc ∆ whose sides are a-type arcs on faces of σ and whose vertices inherit moduli from the edge parameters. We always view L(a) from a.
There are three quadrilateral types in σ , and we denote them as follows. Let q denote the quadrilateral type which does not meet the edges labelled z , q ′ be the quadrilateral type disjoint from edges with label z ′ , and q ′′ be the quadrilateral type disjoint from edges with label z ′′ . The types are shown in Figure 2 . We will often think of a quadrilateral type as a variable to which we assign an integer encoding the number of Q-discs of this type placed in σ .
Let {σ 1 , . . ., σ n } be the ideal tetrahedra in the triangulation T of M . In an ideal triangulation, an edge of a tetrahedron occurs in different tetrahedra, and may also occur in the same tetrahedron with multiplicity. Denote byσ i an ideal 3-simplex (without self-identifications) which covers the simplex σ i . Assign the parameter z i to any edge ofσ i , and label the remaining edges in the unique resulting way with z i , z ′ i , z ′′ i , and denote the quadrilateral types inσ i by q i , q ′ i , q ′′ i according to the above conventions. There is a 1-1 correspondence between quadrilateral types inσ i and in σ i , and we will denote the quadrilateral types in σ i by the same symbols. Since the quotient mapσ i → σ i is a homeomorphism between the interiors of the 3-simplices, we will also use the labels z i , z ′ i , z ′′ i for "edges of σ i " in the obvious way, and suppress any further reference toσ i .
Normal Q-coordinates
An embedded normal surface S intersects T in normal discs, and hence inherts a cell structure. If x (j) i is the number of Q-discs of type q
3n , and we label the coordinate axes in IR 3n by the quadrilateral types. The normal Q-coordinate of S satisfies the following two necessary conditions.
Admissible
, . . ., n} and each j ∈ {0, 1, 2}, x (j) i ≥ 0 and at most one of x i , x ′ i , x ′′ i is non-zero. If S is embedded, its cell structure allows Q-discs of at most one quadrilateral type in each tetrahedron, and hence N (S) is admissible. 
Q-matching equations
Following [6] , we associate a so-called Q-matching equation to each edge in T , which is satisfied by the normal Q-coordinates of any embedded normal surface. The equation arises from the fact that a properly embedded surface intersects a small regular neighbourhood of an edge in a collection of discs, and that each of these discs is uniquely determined by its intersection with the boundary of the neighbourhood.
Consider the collection C of tetrahedra meeting at an edge e of T , including k copies of σ if e occurs k times as an edge in σ . We form the abstract neighbourhood B(e) of e by pairwise identifying faces of tetrahedra in C such that there is a well defined quotient map from B(e) to the neighbourhood of e in M . Topologically, B(e) is a ball with finitely many points missing on its boundary. We think of the ideal endpoints a and b of e as the poles of its boundary sphere, and the remaining points as positioned on the equator, see Figure 3 (a). Let σ be a tetrahedron in C . The boundary square of a Q-disc of type q in σ meets the equator of ∂B(e) if and only if has a vertex on e. In this case, has a slope of a well-defined sign on ∂B(e) which is independent of the orientation of e. We use Figure 3 (b) as a definition of positive and negative slopes.
Since opposite edges of σ have the same parameter, and since quadrilateral types are invariant under the Kleinian 4-group of rotational symmetries of σ , the slope of on ∂B(e) is uniquely determined by the parameter of e (with respect to σ ). If S is properly embedded, then S intersects B(e) in (possibly infinitely many) discs which are made up of elementary discs, and hence S intersects ∂B(e) in a collection of circles. The T -discs with corners on e do not meet the equator of ∂B(e). Thus, the number of positive slopes of quadrilaterals in S on ∂B(e) must be equal to the number of negative slopes, since otherwise the intersection of some Q-disc in S with ∂B(e) is not contained in a circle, but in a helix on ∂B(e).
It follows that the normal Q-coordinate of S satisfies a linear equation for each edge e in T , which we call the Q-matching equation of e. The Q-matching equations can be described with respect to our parameterisation as follows.
From Figure 3 we deduce that if e j is identified with an edge of σ i which has parameter z i , then the Q-discs of type q ′ i have positive slope on ∂B(e j ), and the Q-discs of type q ′′ i have negative slope. Thus, if a ij is the number of times e j has label z i , then the contribution to the Q-matching equation can be written as a ij (q ′ i − q ′′ i ). We define a ′ ij and a ′′ ij accordingly, and obtain the Q-matching equation of e j :
(1)
Theorem 5 [7] Let M be the interior of a compact 3-manifold with nonempty boundary, and T be an ideal triangulation of M . For each admissible integer solution N of the Q-matching equations there exists a unique embedded (possibly non-compact) normal surface S in (M ; T ) with no vertex linking components such that N (S) = N .
Proof This proof is given by Weeks in the documentation of SnapPea [7] (see the file normal surface construction.c). In each tetrahedron σ i of T place a finite number of parallel quadrilaterals of one chosen type, and four infinite stacks of parallel T -discs near the vertices. This determines a normal surface in σ i which is unique up to isotopy.
The intersection of this surface with each ideal triangle in the boundary of σ i is topologically the same, and consists of three (infinite) families of normal arcs near the vertices. Given the combinatorial structure of T , there is a unique way to identify faces of adjacent tetrahedra so the normal surfaces in the tetrahedra match up along the faces. This gives a normal surface in M minus the edges of T .
We have seen that the Q-matching equations hold if and only if the result is a surface in the neighbourhood of each edge. Thus, each admissible solution to the Q-matching equations determines a normal surface S in a canonical way. Discarding all vertex linking components of S yields the desired normal surface.
Projective solution space
Let m be the number of edges in T and
be the coefficient matrix of the Q-matching equations. Considering B as a linear transformation IR 3n → IR m , the set of all solutions to the Q-matching equations is ker B =:P (M ; T ). One often considers the projective solution space P (M ; T ), which consists of all X ∈P (M ; T ) with the property that 1 =
≥ 0 for all i ∈ {1, . . ., n} and j ∈ {0, 1, 2}. This is a convex polytope, and its vertices are called vertex solutions. Since the entries in B are integers, the vertices of P (M ; T ) have rational coordinate ratios, and hence the subset of all points with rational coordinate ratios is dense in P (M ; T ). Such a polytope is termed rational. The vectors in IR 3n with (1, 1, 1) in the i-th triple and zero in the other positions are contained iñ P (M ; T ). We can therefore choose a basis forP (M ; T ) which is contained in the positive unit simplex, and hence dim
The subset of all admissible solutions in P (M ; T ) is denoted by N (M ; T ). If N ∈ N (M ; T ) has rational coordinate ratios, then there is a countable family of embedded normal surfaces S i such that N (S i ) = α i N for some α i ∈ IR. We call a normal surface a minimal representative for N , if the corresponding scaling factor is minimal. Since the admissible solutions in P (M ; T ) can be found by setting in turn two coordinates from each tetrahedron equal to zero, it follows that N (M ; T ) is a finite union of rational convex polytopes, each of which is contained in a (n − 1)-dimensional rational polytope. Addition of solutions within a convex cell of N (M ; T ) corresponds to the geometric sum operation of normal surface theory.
Boundary stuff
The key observation in studying normal surfaces is that all information needed can be read off from the induced triangulation of the boundary of M . Below methods can be applied to manifolds with non-orientable cusps or cusps of higher genus, but a detailed analysis will only be carried out for the case of interest in [5] . Thus, throughout the remainder of this paper, M denotes the interior of an orientable, compact 3-manifold with non-empty boundary consisting of a disjoint union of tori, and T an ideal triangulation of M . Proof For each cusp choose a boundary parallel normal torus T ′ i , and use a normal isotopy such that all tori are disjoint and intersect the normal surface S transversely and only in T -discs. Each resulting normal torus bounds a neighbourhood C ′ i of the corresponding cusp. Transversality and compactness imply that S ∩ T ′ i consists of a finite disjoint union of simple closed curves. We will choose a further normal torus T i in C ′ i with the property that it minimises the number of curves of intersection with S amongst all normal tori in C ′ i intersecting S transversely.
Boundary curves
If there are only finitely many T -discs in C ′ i , then T i may be chosen disjoint from them. Hence assume that there are infinitely many T -discs in C ′ i . The neighbourhood C ′ i can be viewed as a product T 2 ×[0, ∞), where T ′ i is identified with T 2 × {0}. We can cut T ′ i along two simplicial curves into a rectangle R i , and give R i the induced triangulation from T i . We can view C ′ i as R 2 × [0, ∞) with appropriate identifications, arising from R 2 × {0} = R i , and the corners of tetrahedra look like infinite chimneys over the triangles of R i .
Since there are only finitely many curves in T ′ i ∩ S , the infinitely many triangles in C ′ i "eventually" form a disjoint infinite collection of parallel rectangles in R i × [0, ∞), which meet the edges transversely, and we are concerned with how they join up under the identification. If they join up to an infinite collection of boundary parallel tori, then S contains vertex linking tori. Hence the T -discs join up to a disjoint finite collection of (possibly punctured) open annuli and (possibly punctured) open discs. We may choose a transverse normal torus T i in C ′ i disjoint from the disc components and away from the punctures on the annuli. Then T i bounds an open neighbourhood C i of the cusp, such that S ∩ C i consists of a finite collection of parallel open annuli.
We may do the above for each cusp independently of the others, and adjust the result by a small normal isotopy to make S ∩ ∂M c disjoint from T (1) . This establishes the lemma.
The boundary curves of an embedded normal surface S are the curves in the intersection of S with the boundary tori of a sufficiently large compact core as provided by the above lemma. We call their homotopy classes the boundary slopes of S . The slopes alone do not determine the structure of S near the cusps. If (one or more) cusps of S are embedded into the same cusp of M , then there is a well-defined direction in which S "spirals into the cusp".
Transverse orientations
Let ∆ be a triangle in T i and σ be the tetrahedron in T which contains ∆. Let s be a side of ∆, and F be the face of σ containing s. There is a unique quadrilateral type q in σ such that q and s have the same arc type on F , as shown in Figure 4 . Let q be the Q-modulus of s (with respect to ∆), and give s a transverse orientation (with respect to ∆) by attaching a little arrow pointing into the interior of ∆. This construction is dual to the labelling of the vertices. To any closed oriented path γ in T i which is disjoint from the 0-skeleton of T i and meets the 1-skeleton transversely, we can associate a linear functional ν(γ) in the quadrilateral types by taking the positive Q-modulus of an edge if it crosses with the transverse orientation, and by taking the negative Q-modulus if it crosses against it (where each edge of T i is counted twice -using the two adjacent triangles). If the vertex v of T i is contained on the edge e in T and near a, we obtain the collection of 2-simplices meeting at v in T i by truncating B(e) at a. Moreover, from Figure 5 (b), we deduce that the linear functional ν(γ) associated to a small circle γ with clockwise orientation around v gives the Q-matching equation of e by setting ν(γ) = 0. We can evaluate ν(γ) at a solution N to the Q-matching equations, giving a real number ν N (γ). Since ν N (γ) = 0 if γ is a small circle about a vertex of T i , we conclude that for each T i , ν N is well-defined for homotopy classes of loops which intersect the 1-skeleton transversely away from the 0-skeleton. 
Dual spines
Let S be an embedded normal surface in M . As in the proof of Theorem 5, assume that S is obtained by placing finitely many quadrilaterals in the respective tetrahedra, and infinitely many triangles in all corners of all tetrahedra. This assumption is related to the fact that a normal surface defines a singular foliation of M with the following transverse measure.
In each tetrahedron σ , consider a dual spine which is transverse to the normal discs of S as shown in Figure 6 (where only Q-discs are shown). The dual spine inherits the structure of a simplicial graph: it consists of two copies of [0, ∞) attached at each end point of a (possibly degenerate) closed interval [0, k], where k is the number of Q-discs in σ . Assume that the T -discs meet the half-open intervals in precisely the half-integer places, and that the Qdiscs meet the closed interval in precisely the half-integer places. The integer places are referred to as the vertices of the spine, and each interval between two vertices as an edge. 
the (minimal) geometric intersection number of a loop representing γ in ∂M with ∂S .
Proof This proof is due to Craig Hodgson and shorter than our original argument.
Denote the neighbourhood of a cusp bounded by T i by C i , and assume that T i is chosen as in Lemma 6. We may think of the simplicial structure as coordinates measuring distance from the singularities of the dual spine. Each vertex of a tetrahedron has a unique singularity "nearby". When we pass from one tetrahedron across a face to the next tetrahedron within a component of C i − S , the change of distance from the nearby singularities is of the form x → x + d for some integer d, which is precisely the (oriented) difference of the Q-moduli of the corresponding edge in T i , i.e. the appropriate term in ν N . If we go around an edge, we have already observed that we obtain zero, which reflects the fact that the normal surface pieces join up.
Let γ be a loop in T i , which meets the 1-skeleton of T i transversely. We claim that γ is homotopic to a loop in the cusp neighbourhood C i which intersects S in |ν N (γ)| places. Indeed, fix any starting point p on γ which does not meet S , and an orientation. Assume p is contained in the tetrahedron σ . We now change γ − {p} by normal isotopies inside C i such that it stays disjoint from S . The value |ν N (γ)| then tells us how many normal discs there are between the two endpoints of the resulting path since it records the distance from the relevant singularity of the dual spine in σ . It follows from Lemma 6, that |ν N (γ)| is in fact the geometric intersection number of a curve in T i with S .
The sign of ν N (γ) determines whether the surface spirals into the manifold or into the cusp along the direction of γ . Since ν N is a homomorphism, the above proposition has the following consequence:
Corollary 9 Choose a set of generators {M i , L i } for each boundary torus T i . We may identify π 1 (T i ) with the first homology group of the torus and use additive notation. Under the assumptions of the previous proposition, we have 
This may not determine a point in Hatcher's space BC(M ) of projectivised boundary curves of essential surfaces in M (see [1] ), since S may not be essential. Character variety techniques are used in [5] to determine a closed subset of N (M ; T ) which maps onto a closed subset of BC(M ).
Projectivised boundary curves can be associated to projective classes of solutions to the Q-matching equations, and hence for each N ∈ P (M ; T ) we obtain a point
Boundary curves of linear combinations can be determined using vectors of the form (3) since ν is additive. In particular, we obtain a linear map ν :
This map will play the same role as the boundary map of [3] in the following.
Singular foliations
The above interpretation of ν generalises to all admissible solutions. Let N ∈ N (M ; T ). As above, the normal Q-coordinates of N determine a dual spine in each tetrahedron, and hence a singular foliation together with a transverse measure. The two different cases are shown in Figure 7 . The pattern on each face is topologically the same, and determines a singular foliation thereof with a transverse measure. There is a unique way to identify the foliations of adjacent tetrahedra such that the leaves and transverse measures match up across the faces. The Q-matching equations ensure that the leaves close up around the edges of the triangulation, so the singular foliations of the tetrahedra glue up to give a singular foliation of M with finitely many singular leaves. If all coordinate ratios in N are rational, then Theorem 5 implies that all leaves are closed and proper, giving a foliation by normal surfaces together with finitely many singular leaves. 
Traditional normal surface theory
We now consider the following normal coordinates. To the 3n quadrilateral coordinates (q 1 , ..., q ′′ n ) adjoin 4n further coordinates, one for each triangle type. If S is an embedded closed normal surface in (M ; T ), let N ∆ (S) ∈ IR 7n be its normal coordinate. The normal coordinate of a closed normal surface satisfies three compatibility equations for each ideal triangle in T , arising from the fact that the total numbers of normal arcs on faces of tetrahedra have to match up (see Figure 8(a) ). Denote by C(M ; T ) the space of all solutions to the compatibility equations. Since the compatibility equations can be viewed as conditions associated to normal arc types in faces of tetrahedra, there is precisely one such equation for each edge in the induced triangulation of ∂M . Let L ∈ C(M ; T ), and v be a vertex in T i . Then L satisfies one compatibility equation for each edge in T i which ends in v (see Figure 8(b) ). Pick one of the edges, and write the compatibility equation in the form q ′ i+1 − q ′′ i = t i − t i+1 . Then, proceeding to the next edge, one obtains q ′ i+2 − q ′′ i+1 = t i+1 − t i+2 , etc. Summing all these equations gives on the left hand side (up to sign) the Q-matching equation of the edge in T containing v , and on the right hand side we obtain zero. Hence there is a well-defined linear map pr : C(M ; T ) →P (M ; T ) defined by projection onto the quadrilateral coordinates. The same argument can be applied to any normal path in T i , showing that im pr ⊆ ker ν .
An Euler characteristic argument shows that the number of edges in T is equal to the number of ideal tetrahedra when all cusps are toral. A canonical basis for C(M ; T ) consisting of n tetrahedral and n edge solutions is given in [3] . The normal Q-coordinates of the tetrahedral solutions are the vectors with (1, 1, 1) in the i-th triple and zero in the other positions. The normal Qcoordinates of the edge solutions are the vectors (a 1j , a ′ 1j , a ′′ 1j , a 2j , . . ., a ′′ nj ) for each edge e j . Using signed intersection numbers with edges and the additional triangle coordinates (the normal Q-coordinates are not linearly independent!), it is shown in [3] that these solutions form a basis for C(M ; T ).
Proof of the Kang-Rubinstein theorem
The normal coordinates of the vertex linking tori T 1 , ..., T h are clearly linearly independent and contained in the kernel of pr : C(M ; T ) →P (M ; T ). We now prove that they indeed span the kernel.
Lemma 10
We have ker ν = im pr. Moreover, if N ∈ ker ν , then
Proof We already know that im pr ⊆ ker ν . Let N ∈ ker ν . Let T i be the induced triangulation of a boundary component of M , and assume that it supports the triangle coordinates t 0 , ..., t k . If we assign a value to t 0 , then the values of adjacent triangle coordinates are uniquely determined by the qmoduli of the common edges. We need to show that these assignments are well defined globally.
Indeed, choose a closed, oriented, simple path γ in T i , disjoint from the 0-skeleton, transverse to the 1-skeleton and meeting 2-cells in at most one normal arc. Let ∆ be a 2-cell of T i which γ passes through, and assume that t 0 is the associated triangle coordinate. If t 0 is given any value, then the adjacent coordinate t i of the next triangle that γ passes through must take the value t i = (q 0 − q i ) + t 0 , where −(q 0 − q i ) is the oriented sum of the q-moduli associated to the edge crossed by γ . In this way, uniquely determined values are given to the coodinates of triangles traversed by γ , and upon returning to the initial triangle, one has the equation t 0 = −ν γ (N ) + t 0 , which is satisfied since ν γ (N ) = 0. Similarly, values can be assigned to the remaining triangle coordinates supported by T i , and since ν * (N ) : π 1 (T i ) → (IR, +) is the trivial homomorphism, this procedure is well defined. Changing the initial value assigned to t 0 , changes the triangle coordinates by a multiple of N ∆ (T i ).
Proposition 11
The coefficient matrix B of the Q-matching equations has rank n − h, henceP (M ; T ) has real dimension 2n + h. Moreover, the map ν :P (M ; T ) → IR 2h is onto.
Proof A combinatorial argument (see [4, 3] 2 ) shows that the rank of B is at most n − h, which gives dimP (M ; T ) ≥ 2n + h. We need to show that this is also an upper bound.
We have 2n+h ≤ dimP (M ; T ) = dim ker ν +dim im ν = dim im pr+dim im ν = 2n − h + dim im ν . This forces im ν = IR 2h , and hence B to have rank n − h. Hence dimP (M ; T ) = 2n + h.
Theorem 1 as stated in the introduction now follows from the following two facts. It has already been observed that dim P (M ; T ) = dimP (M ; T ) − 1. A basis forP (M ; T ) consisting of integral vectors may be chosen, hence the restriction of ν to integer lattice points inP (M ; T ) has image of finite index in Z Z 2h .
Oriented 1-chains
For the remainder of this paper, fix generators {L i , M i } for each boundary torus T i as specified earlier: together with a normal vector n i pointing into the i-th cusp, {L i , M i , n i } is a positively oriented basis for T M . Orient the edges of Q-discs such that the orientation of the normal arc, the corresponding normal vector n i and the transverse orientation form a positively oriented basis (see Figure 9 ). This yields the same orientation of quadrilateral edges as in [3] . Let S be a normal surface in M , and denote by S ′ the subcomplex consisting of all Q-discs in S . Oriented 1-chains of quadrilateral edges in ∂S ′ along which subcomplexes made up of triangles meet S ′ in S are determined as follows. Given N = N (S), first associate a modulus and a transverse orientation to edges of T i without reference to 2-simplices. Identify Q-moduli with the values given by N . Let s be a 1-simplex of T i and let ∆ and ∆ ′ be the 2-simplices of T i meeting in s, and n and n ′ be the associated Q-moduli. If n = n ′ , then give s the modulus zero and no transverse orientation. If n > n ′ , then give s the modulus n − n ′ and the transverse orientation inherited from ∆, and if n < n ′ , then give s the modulus n ′ − n and the transverse orientation inherited from ∆ ′ . The modulus of s determines the number of quadrilateral edges of the same arc type as s which are identified with edges of T -discs in S , and the transverse orientation determines the tetrahedron in which the corresponding quadrilaterals are contained (see Figure 10 ).
Let c ′ be the subset of edges in T i with non-zero modulus. We derive a unique collection of transversely oriented simple closed curves on T i from c ′ as follows.
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If we have found an outermost pair, we identify their endpoints and isotope the union away from v (opposite to their transverse orientation). We then repeat the above by replacing A by A − {γ, δ}. Thus, after gluing and isotopy, we obtain a unique disjoint collection C of simple closed curves, each with a transverse orientation. We orient these curves using the above convention for orientation of Q-edges. It follows from the construction that each c ∈ C is homotopic to a unique closed (possibly not simple) curve c ′′ of quadrilateral edges in ∂S ′ (e.g. introduce labels for the arcs specifying a 1-and a 2-simplex of T i and a quadrilateral ). In particular, c ′′ inherits a well-defined orientation from c which agrees with the orientation of the quadrilateral edges.
Not all oriented 1-chains of quadrilateral edges in ∂S ′ correspond to boundary curves of S . If c ∈ C is an innermost contractible curve with transverse orientation pointing outside the disc it bounds on T i , then c ′′ bounds a disc consisting of T -discs in S . If there is an innermost pair of adjacent curves in C with opposite transverse orientations pointing out of the annulus they bound, then the corresponding 1-chains bound a (possibly pinched) annulus consisting of T -discs in S . In general, contractible curves bound or co-bound subsurfaces of the punctured torus or annulus in S , and pairs of parallel curves with opposite orientation bound or co-bound (possibly punctured) annuli. To find the boundary curves of S , discard contractible curves and cancel essential curves with opposite orientations in C . The remaining essential curves "are" the boundary curves of S , and their transverse orientation determines the direction in which S spirals into the cusp. 
In the case that N and L are the normal Q-coordinates of normal surfaces S N and S L , it follows from Corollary 9 that N · L is the intersection number ∂S N · ∂S L , where ∂M is oriented as the boundary of M , and the boundaries of the surfaces are oriented according to the transverse orientation. The boundary curves of an embedded normal surface S correspond to oriented 1-chains of quadrilateral edges; there are other oriented 1-chains, which either bound or co-bound subsurfaces of the torus or the (possibly half-open) annulus in S . We can therefore compute N · L by summing the intersection numbers obtained for Q-discs over all tetrahedra as follows (see Figure 12 ). If N and L have different non-zero Q-coordinates in some tetrahedron, the associated Q-discs are naturally transverse, and the contribution to N · L is (up to sign) twice the product of the Q-coordinates, and the sign is determined by the order of the surfaces. If they have the same non-zero Q-coordinate in some tetrahedron, the contribution is zero, independent of the chosen transverse intersection. To describe this algebraically, let
and let C n be the (3n × 3n) block diagonal matrix with n copies of C on its diagonal. Then
The above formula is valid for any two admissible solutions since N (M ; T ) is a finite union of rational convex polytopes. 4 Theorem The set N (M ; T ) is a finite union of convex rational polytopes. Each maximal polytope P in this union satisfies:
where h is the number of cusps, n is the number of ideal tetrahedra and dim IR ∅ = −1.
Proof If P is a maximal convex polytope in N (M ; T ), then it is the intersection of a (dim IR P + 1)-dimensional vector space P ′ with the unit simplex. The set N (M ; T ) is obtained by setting in turn two coordinates from each tetrahedron equal to zero. Thus P ′ is the intersection ofP (M ; T ) with a ndimensional subspace of IR 3n , and its dimension is at least (2n+h)+n−3n = h.
We finish with an argument from [1] . For any N , L ∈ P ′ , we have N · L = 0. The pairing descends to a pairing on ν(P ′ ) via equation (6), and hence the image ν(P ′ ) lies in a self-annihilating subspace of IR 2h . Its dimension is therefore at most h. Thus, dim IR P ′ ≤ h + dim IR (P ′ ∩ ker ν).
